Abstract. For a semisimple Lie group G C over C, we study the homotopy type of the symplectomorphism group of the cotangent bundle of the flag variety and its relation to the braid group. We prove a homotopy equivalence between the two groups in the case of G C = SL 3 (C), under the SU (3)-equivariancy condition on symplectomorphisms.
Introduction
For a semisimple Lie group G C over C, the cotangent bundle of the flag variety T * B and its relation to the braid group have led to numerous active research directions in geometric representation theory, algebraic geometry and symplectic topology. The main driving force for these is due to the fruitful structures underlying the Springer resolutions and the adjoint quotient maps.
This paper is an attempt to study the homotopy type of the symplectomorphism group of T * B and its relation to the braid group, from a purely geometric point of view. We especially focus on the case of G C = SL 3 (C).
1.1. Motivation and set-up. The motivation is from the (strong) categorical braid group action on D(B), the derived category of constructible sheaves on B, by Deligne [Del97] and Rouquier [Rou04] . This action gives rise to G C -equivariant automorphisms of D(B). One can translate the result to symplectic geometry via the Nadler-Zaslow correspondence [NaZa09] . Recall that the Nadler-Zaslow correspondence gives a categorical equivalence between D(X) and DF uk(T * X), the derived Fukaya category of T * X, for any compact analytic manifold X (see Section 2.1.1 for more details). Since symplectomorphisms of T * B with reasonable behavior near infinity induce automorphisms of DF uk(T * B), it is natural to form the following conjecture.
Conjecture 1.1. The "G C -equivariant" symplectomorphism group of T * B is homotopy equivalent to the braid group.
To rigorously state the conjecture, one has to give a definition of "G C -equivariancy" on symplectomorphisms. The global G C -equivariancy condition on a symplectomorphism would force it to be the identity. The reason is the following. The Springer resolution (see (2.2) for the definition) µ C : T * B → N ,
gives a G C -equivariant isomorphism from the dense G C -orbit in T * B to N reg , the orbit of regular nilpotent elements in N . Suppose ϕ is a G C -equivariant symplectomorphism, then the graph of ϕ| µ −1 C (Nreg) is a complex Lagrangian submanifold in T * B − × T * B, hence the graph of ϕ is a closed complex Lagrangian. Therefore, ϕ preserves the holomorphic symplectic form and then preserves µ C (see Lemma 2.4), so we can conclude that ϕ = id.
A natural replacement of the global G C -equivariancy condition is to require ϕ to be G C -equivariant at infinity. It can be formulated via the Lagrangian correspondence L ϕ , i.e. the graph of ϕ, in T * B − × T * B T * (B × B) and its relation to the Steinberg variety Z. Recall that the Steinberg variety Z is the union of the conormal varieties to the G Corbits in B × B under the diagonal action. Using the R + -action on T * (B × B), one can projectivize the cotangent bundle and get a compact symplectic manifold with a contact boundary. We denote the boundary by T ∞ (B × B), and for any Lagrangian L in the cotangent bundle, we use L ∞ to denote for L ∩ T ∞ (B × B). Then we make the following definition (see Section 2.1.2 for more discussions). Definition 1.2. A symplectomorphism ϕ of T * B is G C -equivariant at infinity if L ∞ ϕ ⊂ Z ∞ . We denote by Sympl Z (T * B) for the group of symplectomorphisms that are G Cequivariant at infinity.
We are content with this definition since the Steinberg variety is one of the key players in geometric representation theory, and this definition builds a natural bridge between geometric representation theory and symplectic geometry.
(2) β G is a homotopy equivalence for G = SU (2), SU (3).
The construction of β G is purely geometric as apposed to the alternative categorical construction (see Remark 1.5 below). As mentioned before, every ϕ ∈ Sympl G Z (T * B) must preserve each reduced space of the Hamiltonian G-action. So the problem of studying the (weak) homotopy type of Sympl G Z (T * B) can be roughly reduced to the study of homotopy classes (and homotopy between homotopies and so on) of the symplectomorphisms on the Hamiltonian reductions over a Weyl chamber W in the dual of the Cartan subalgebra t * ∼ = it, with some further restrictions at infinity.
For n = 2, the reduced space over each element p ∈ W is a point. However, we have to divide them into two cases. If p = 0, then µ −1 (p) is an orbit of the T -action, so ϕ| µ −1 (p) is a rotation and corresponds to an element in S 1 . If p = 0, then the restriction of ϕ on µ −1 (0) = T * B B is a G-equivariant automorphism of G/T . Since Aut G (G/T ) ∼ = W, ϕ| µ −1 (0) corresponds to an element in W ∼ = Z 2 . Note that the circles over the interior of W approach the zero section to a big circle, we see that ϕ corresponds to a path in S 1 starting from ±1 and ending at 1, and that ϕ is a (iterated) Dehn twist. It is then easy to see that Sympl For n ≥ 3, things are more interesting and we will not have all ϕ being compactly supported. The picture in the case of G = SU (3) is very illustrating. Let µ : T * B → isu(3) ∼ = su(3) * be the moment map. Along the ray generated by p = diag(1, 0, −1) ∈ it, the reduced spaces are all S 2 with three distinguished points corresponding to the singular loci of µ. There are exactly two types Springer fibers contained in µ −1 (p): one is the Springer fiber over a regular nilpotent element (a 3 × 3-nilpotent matrix having one single Jordan block in its Jordan normal form), which is just a point; the other is the Springer fiber over a subregular nilpotent element (a 3 × 3-nilpotent matrix having two Jordan blocks), which is the wedge of two 2-spheres. The union of subregular Springer fibers in µ −1 (p) projects to two line segments connecting the three special points in the reduced space M p . Now we draw a small disc U s around these line segments in µ −1 (s · p) for each s > 0, which forms a R + -invariant family. Let ϕ s be the induced map on M s·p by ϕ.
As s → ∞, ϕ s tends to fix all the points outside of U s , hence after a small homotopy near ∂(U s ), ϕ s | Us becomes a symplectomorphism of U s , which permutes the three marked points and fixes each point on the boundary. Therefore, it gives rise to an element in B 3 , the braid group of three strands. For G = SU (n), we focus on certain region in µ −1 (p n ), where p n = diag(1, −1, 0, ..., 0) ∈ isu(n), and use similar argument. To prove surjectivity of β G , we explicitly construct fiberwise Dehn twists associated to each simple root α (see Remark 1.6 below), and we show that their image under β G generates B W . For part (2) of Theorem 1.4, we have seen the proof when G = SU (2). The proof for G = SU (3) consists of two steps. The first step is to construct local symplectic charts for µ −1 (W ) and "trivialize" each chart by certain reduced spaces. The main techniques are the Duistermaat-Heckman theorem on the normal form of a moment map near a regular value (see [GuSt89] ), and Weinstein's Lagrangian tubular neighborhood theorem. The second step is to carefully choose isotopies for each ϕ over the local charts and to construct relevant fibrations with contractible fibers and/or contractible base, so then we deduce a homotopy equivalence between ker β G and a certain path space of the loop space of Sympl(S 2 ). By some further restrictions and the fact that Sympl(S 2 ) is homotopy equivalent to SO(3), we conclude that the space we have finally arrived is contractible. One of the difficulties along the way is to take special care for the singular loci of the moment map. Remark 1.6. This is a remark on some related result by Seidel-Smith and Thomas. Seidel-Smith [SeSm06] considered symplectic fibrations that naturally arise in the adjoint quotient maps in Lie theory, and constructed link invariants by the symplectic monodromies. Thomas [Tho10] generalized this picture to cases including T * B as a symplectic fiber, and deduced an inclusion B W → π 0 (Sympl(T * B)). It is described in [Tho10] that the braid group actions are exactly the "family Dehn twists" about the family of isotropic spheres over T * (G C /P ), which are the image of the left map in the standard correspondence
associated to the P 1 -fibration G C /B → G C /P , for a minimal parabolic subgroup P . This is essentially the same as the fiberwise Dehn twists that we consider here, though we identify T * B as a symplectic fiber bundle over T * (G C /P ) using the Killing form on g (rather than g C ), and we explicitly make the fiberwise Dehn twists all G-equivariant. 
Preliminaries and Set-ups
Notations: Throughout this paper, we will use G C to denote a semisimple Lie group over C, with Lie algebra g C , and G to denote for a maximal compact subgroup in G C with Lie algebra g. We will mostly focus on type A, e.g. G C = SL n (C) and G = SU (n). Fix a Borel subgroup B in G C with Lie algebra b and nilradical n, and let B denote for G C /B. Then T := B ∩ G is a maximal torus in G, with Lie algebra t, and we have the canonical identification B ∼ = G/T . For G C = SL n (C), we will mostly take B to be the subgroup of upper triangular matrices, then T consists of diagonal matrices in SU (n).
2.1. Set-up for the symplectomorphism group. We consider T * B as a real symplectic manifold, and would like to study the homotopy type of its symplectomorphism group. Since T * B is noncompact, we must put some restrictions on the behavior of the symplectomorphisms near the infinity of T * B, so that the resulting group has "nice" structures. A typical restriction is to make the symplectomorphisms compactly supported, which will turn out to be too small (see the discussion below). Instead we pose the condition that the symplectomorphisms are G C -equivariant at infinity, where the G C -action is the standard Hamiltonian action induced from the left action of G C on B. We will make the restriction more precise after a brief discussion of the motivation.
2.1.1. Motivation for the definition. Let D(B) be the constructible derived category of sheaves on B, and let DF uk(T * B) be the derived Fukaya category of T * B. Roughly speaking, constructible sheaves on a manifold M are (complexes of) sheaves of C-vector spaces, whose restriction to each stratum of some Whitney stratification of M is locally constant. The Fukaya category of a symplectic manifold X is a (A ∞ -)category whose objects are Lagrangians in X, and whose morphisms between two Lagrangians are given by their intersection points
1
. The microlocal study of sheaves, initiated by KashiwaraSchapira [KaSc] , associates a sheaf on M its singular support, which is a conical Lagrangian in T * M . In [NaZa09], Nadler and Zaslow elaborate this to a categorical equivalence between D(M ) and DF uk(T * M ), for any real analytic manifold M .
Motivated by the results of [Del97] and [Rou04] on the braid group action on D(B), which are G C -equivariant automorphisms of the category, and the Nadler-Zaslow correspondence [NaZa09] between D(B) and DF uk(T * B), the derived Fukaya category on T * B, we would like to study the group of "G C -equivariant" symplectomorphisms of T * B, and to see its relation to the braid group. As discussed in the Introduction, the most natural interpretation of "G C -equivariancy" is to impose that ϕ is G C -equivariant at infinity.
Definition of Sympl
. Using the R + -action on the cotangent fibers of T * (B × B), we can projectivize the space with the boundary divisor T ∞ (B × B) being a contact manifold, with contact form θ ∞ . We require ϕ to be well-behaved near the infinity divisor, in the sense that L
As discussed in the Introduction, global G C -equivariancy on a symplectomorphism ϕ forces ϕ to preserve each Springer fiber, which implies that ϕ must be the identity. However, if we only require the G C -equivariancy condition "at infinity", this would give a reasonable constraint on ϕ by L
whereÑ = T * B and the fiber product is taken for the Springer resolution µ C . Note that N × NÑ is just the Steinberg variety Z, which is a Lagrangian subvariety by an alternative description as the union of conormal varieties to the diagonal G C -orbits (#W-many) in B × B. Thus, we make the following definition.
And we denote by Sympl Z (T * B) for the group of symplectomorphisms with G Cequivariancy at infinity.
We define the C 1 -topology on Sympl Z (T * B) as follows.
The main concern about the topology of symplectomorphisms on a non-compact symplectic manifold M is that the induced automorphisms on the Fukaya category F uk(M ) of a continuous family of symplectomorphisms should remain the same, i.e. there should be a well defined map π 0 (Sympl(M )) → Aut(F uk(M )). In our setting, we view each
and it corresponds to a sheaf (or an integral kernel) F ϕ in Sh Z (B × B), the full subcategory of sheaves with singular support contained in Z (cf. [NaZa09] , [Nad09] ). Now if we have a continuous family {ϕ s } 0≤s≤1 in the C 1 -topology defined by (2.1), then the family of sheaves F ϕs remain the same. This can be argued using the test branes representing the micolocal stalk functors in F uk(T * B) and the fact that the isotopy of the branes L ϕs is non-characteristic with respect to any fixed finite set of test branes; for more details see [Nad09] and [Jin13] .
We also consider the subgroup of G-equivariant symplectomorphisms, denoted as Sympl G Z (T * B). As stated in the Introduction, we conjecture that Sympl Z (T * B) Sympl 2.2.1. Moment maps for the G C -action and G-action on T * B. For any element x ∈ G C , let L x (resp. R x ) denote the action of left (resp. right) multiplication by x on G C . We will use the left action to identify G C × g * C with T * G C :
Using the Killing form to identify g * C with g C , the moment maps for the left and right G Caction (with respect to the holomorphic symplectic form) under the above identification are given by
For the right Hamiltonian B-action on T * G C induced from the right G C -action, the moment map is given by
where ξ means the image of ξ under the quotient map g C → g C /n. Then we have
, where B acts on the right on G C and acts adjointly on n in the last twisted product. In the following, we will also use (x, ξ), ξ ∈ n, to denote a point in T * B, though it should be understood as a representative in the equivalence class under the relation (x, ξ) ∼ (xb, Ad b −1 ξ). Now the moment map for the left G C -action on T * B is given by
Since the image of µ C is the nilpotent cone N ⊂ g, we will sometimes write the codomain of µ C as N , and then it becomes the Springer resolution. The fiber of the Springer resolution over u ∈ N is called a Springer fiber, and is denoted by B u . Here we recall some basic facts about the Springer resolutions. The nilpotent cone N is stratified by G C -orbits, and they form a partially ordered set. The greatest one in the poset is the open dense orbit consisting of regular nilpotent elements, and is denoted by N reg . N reg covers a unique orbit called the subregular orbit and is denoted by N sub . The least element in the poset is the zero orbit and it is covered by a unique orbit called the minimal orbit, denoted by N min . For G C = SL n (C), N is the set of all nilpotent matrices, the orbits are determined by the Jordan normal form, and are classified by partitions of n. We will use the notation (n k 1 1 , n k 2 2 , ..., n k ) to denote the partition of n by k i copies of n i , for i = 1, ..., and n 1 > n 2 > · · · > n ≥ 1.
The Springer fibers B u have irreducible components indexed by Young tableaux, and over the above mentioned orbits, the geometry is well-known: if u ∈ N reg , then B u is a point; for u ∈ N sub , B u is a chain of P 1 whose dual graph is the same as the Dynkin diagram for G C ; for u = 0, B u = B; for u ∈ N min , if G C = SL n (C), then each component is a fiber bundle over the Grassmannian of k-planes in ker u with fiber a product of flag varieties determined by the k-plane, 0 ≤ k < n − 1. Except for some specific types, the geometry and topology of Springer fibers (mostly about their singularities) are largely unknown.
The celebrated Springer correspondence gives a correspondence between the irreducible representations of the Weyl group and the Weyl group action on the top homology of the Springer fibers.
Similar formulas for the above moment maps apply to the left and right G-action on T * G and T * B ∼ = T * (G/T ), with respect to the real symplectic forms. In particular, we have the identification T * B ∼ = G × T t ⊥ , and we will use (x, ξ), ξ ∈ t ⊥ to denote a point in T * B, and the moment map for the left G-action, after identifying g * with ig, is given by
Lemma 2.2. For G = SU (n), the singular values of µ in a (open) Weyl chamber of it are exactly those p such that p has a proper subset of eigenvalues that sum up to zero.
is a symplectic manifold with a Hamiltonian T -action, and the restriction of µ is just the moment map for the T -action. The proof is contained in the proof of Lemma 4.5 and we omit the details here. Since there is a nontrivial center in G, to make the T -action quasi-free (i.e. the stabilizer of any point is a connected subgroup of T ), we quotient out the center in G and consider the action by the adjoint group. Then (x, ξ) ∈ µ −1 (
• W ) is a singular point of µ if and only if (x, ξ) has a nontrivial stabilizer by the T -action. This is exactly when ξ has a nontrivial stabilizer in T .
If p has a proper subset of eigenvalues that sum up to zero, then p = p 1 p 2 up to conjugation, for some p 1 ∈ isu(k) and p 2 ∈ isu(n − k), then we can find ξ ∈ µ −1 (p) of the form ξ 1 ξ 2 (up to conjugation) with ξ i ∈ µ −1 (p i ), i = 1, 2. Then ξ has nontrivial stabilizers containing diag(e iθ , ..., e iθ , e iρ , ..., e iρ ) with kθ + (n − k)ρ ∈ 2Zπ. Conversely, assume ξ is fixed by an element of the form diag(e iθ , ..., e iθ , e iθ 1 , ..., e iθ n−k ) (up to conjugation), where the first 0 < k < n entries are all e iθ , and θ j − θ / ∈ 2Zπ for j = 1, ..., n − k. Then we have ξ j = 0 for j ∈ {1, ..., k}, ∈ {k + 1, ..., n}, thus ξ is of the form ξ 1 ξ 2 (up to conjugation), where
For any p ∈ ig, we will use G p to denote the stabilizer of p in the coadjoint action by G, and M p to denote for the (possibly singular) reduced space µ
Proposition 2.3. For any p ∈ it, M p is naturally identified with the reduced space at zero of the T -action on the coadjoint orbit O(p).
Proof. Note that O(p) is the reduced space at p of the left G-action on T * G. Since the left and right G-actions on T * G commute, taking 2-step Hamiltonian reductions in both orders are the same.
3. Construction of the surjective homomorphism
Since the moment map µ :
, where we only choose x ∈ G. In the following, we will call a Springer fiber nontrivial if it is not a point, and we will denote its type by the type of the nilpotent orbit it corresponds to.
Lemma 3.1. If p ∈ isu(n) has n − 1 positive eigenvalues or n − 1 negative eigenvalues, then µ −1 (p) does not contain any nontrivial Springer fibers.
Proof. For an element u = [a ij ] ∈ n, u is nonregular exactly when a i,i+1 = 0 for some i.
Then by conjugation of some permutation matrix, u + u * has the 2 × 2 submatrix on the upperleft corner to be zero. If u + u * has n − 1 positive eigenvalues or n − 1 negative eigenvalues, then the top 2 × 2 submatrix must have one positive eigenvalue and one negative eigenvalue. So the lemma follows.
A study of certain loci in
, the submatrix ξ n−1 of ξ, consisting of the first n − 1 rows and n − 1 columns, lies in O( p n−1 ) for some ≥ 0, by the Gelfand-Cetlin pattern or basic facts about Hermitian matrices. Therefore, ξ can be conjugated to the matrix z n in (3.1) below, by a matrix y n−1 ∈ SU (n − 1) under the obvious embedding SU (n − 1) → SU (n) (taking y n−1 to y n−1 1 ). Now we calculate the characteristic polynomial of z n and see
the possible values for a 1 , ..., a n−1 in (3.1).
There are three cases. (1) If = 0, 1, then we must have
These are equivalent to
Since we only care about ξ up to the adjoint T -action, we can quotient out the adjoint actions by {diag(e iα , e iα , · · · , e iα , e −i(n−1)α ), α ∈ [0, 2π)} on z n , which commute with the image of SU (n − 1) in SU (n), and assume that a 1 = 1 2
(1 − 2 ) and a 2 = 1 2
(2) If = 0, then we have
(3) If = 1, then a 1 = · · · = a n−1 = 0.
In summary, if = 0, 1, then
if = 0, then ξ n−1 = 0 and the last column of ξ has length square equal to 1; if = 1, then ξ n−1 = p n−1 and the last column and row of ξ are zero. In addition, if = 0, 1, by a direct calculation, we see that if ξ = y n−1 z n y * n−1 and
Lemma 3.2. The projection of the union of subregular Springer fibers in the reduced space of p n = diag(1, −1, 0, ..., 0) is of real codimension 1.
Proof. We prove this by induction. First, for G = SU (3), the reduced space is a P 
for some y n−1 ∈ SU (n − 1). Using induction we see that the projection of the regular Springer fibers is an open dense subset in the reduced space M pn . In fact, starting from any point (x , ξ ) in µ −1 (p n−1 ), ξ = 0, the set of G pn -orbits of elements (x, ξ) ∈ µ −1 (p n ) with ξ n−1 = ξ , ∈ (0, 1] is a disc (with = 1 being the center). If (x , ξ ) is regular, then the set of G pn -orbits of regular Springer fibers above it form an annulus with one radial line being removed. This is because by regularity of ξ , the first two entries in the last row of y n−1 has the same nonzero modulus. So (x, ξ) is subregular if and only if = 1 or 0 < < 1 andb n−1,1 + e iθb n−1,2 = 0; (x, ξ) is of type (2, 1 n−2 ) (i.e. the partition type of its corresponding nilpotent element) if = 0, and such locus has dimension n − 2 in M pn ; otherwise, (x, ξ) is regular.
The above description also shows that the set of subregular elements in M pn is of codimension 1. This is because for any ξ corresponding to a subregular element (this can be seen using Young tableaux), after deleting the i-th row and i-th column for some i, we get a regular element ξ i,i of one size smaller. If we apply the above argument to ξ i,i for i = 1, ..., n, we still get a disc above it, in which the subregular locus forms two radial lines for i = 1, n and one radial line otherwise.
Note that for = 1, the corresponding elements are fixed points of an S 1 -action, while for 0 < < 1, the isotropy groups of the elements are all trivial.
Following the proof of Lemma 3.2, we restrict ourselves to a small ball B in the regular locus of M p n−1 , and look at its n different (open) disc bundles in M pn . We denote the total space of the bundle by R i if it corresponds to deleting the i-th row and column of ξ. Let S be the union of projections of subregular Springer fibers which pass through the zero section in R 1 , which in particular also pass through the zero section of R i for all i. One can cover a tubular neighborhood U of S by 2n − 1 charts, n of which come from R i for all i, and the other n − 1 charts can be constructed from the normal bundle to S with the S 1 -fixed loci deleted.
Corollary 3.3. Every subregular Springer fiber in µ −1 (p n ) has n fixed points by some S 1 -action.
Proof. First, for any point in a subregular Springer fiber in µ −1 (p n ), we can choose S and U as above such that U contains the image of the point. Let S be the intersection of the image of all the subregular Springer fibers with U. By the "disc bundle" description above, the image of the union of subregular Springer fibers that contain n fixed points by an S 1 -action intersects S in a relatively open subset. On the other hand, the singular points of µ in µ −1 (p n ) form a closed subset, and it intersects the union of subregular Springer fibers in the locus of fixed points by some S 1 -action, which is G pn -invariant. Therefore, the projection of these fibers to M pn intersect S in a relatively closed subset. Since S is obviously connected, the Corollary follows.
Construction of β
. Now we restrict ourselves to the image of any particular Springer fiber in S, denoted by σ. Note that S σ × B , we can cut U by a 2-dimensional surface Σ that contains σ and is transverse to S. Then
Let U s be a family of open sets in M s·pn , s > 0, which is invariant under the R + -action, and which has U 1 = U. Given any ϕ ∈ Sympl G Z (T * B), we look at ϕ s | Us as s → ∞, where ϕ s is the induced symplectomorphism on M s·pn . Since ϕ has to preserve each Springer fiber at infinity and has to preserve the isotropy group of each point, we see that for s very large, after a small homotopy, the push-forward of ϕ s | Us under (3.3) to Σ × B can be identified as the product map of ϕ s | Σ and id B . In addition, ϕ s | Σ is a symplectomorphism 2 of a disc that fixes the boundary pointwise and permutes a set of n marked points. Therefore, the homotopy class of ϕ s for s sufficiently large corresponds to an element in B n , the braid group of n-strands, and this gives the desired homomorphism for G = SU (n):
Remark 3.4. (a) It is interesting to ask what kinds of Springer fibers occur in µ −1 (p) for any p ∈ it, and what are their moduli. This would lead to some interesting relation between the geometry/topology of the Springer fibers with the wall-crossing phenomena (or blow-up/down patterns) for the change of reduced spaces of µ, equivalently for the moment map of the coadjoint orbits in isu(n).
By more detailed study of the Gelfand-Cetlin pattern for ξ ∈ µ −1 (p n ), we can show that the types of Springer fibers that occur in µ −1 (p n ) are exactly those of nondegenerate hook-type, i.e. have partition type (k, 1 n−k ), k > 1. Since this is a little bit far from the main theme of this paper, we leave the statement and details in a subsequent paper focusing on the above mentioned question.
(b) It is reasonable to extend (3.4) to Lie groups of other types. We leave this question for a future work.
3.3. Fiberwise Dehn twists and the surjectivity of β G . Fix a Borel subgroup B in G C . Let α be a simple root, and P C α be the corresponding parabolic subgroup. Let
by the Killing form, we have a natural smooth fibration (3.5)
where the vertical arrow is given by the orthogonal projection from t ⊥ to p α ⊥ .
Lemma 3.5. The fibration (3.5) is a symplectic fibration.
Proof. By standard result in symplectic fibrations (cf. [GES96] ), if the total space is a symplectic manifold and each fiber is a symplectic submanifold, then there is a symplectic connection on the fibration. If there is no issue about integrating along the horizontal lifting of a vector field on the base, then the fibration is a symplectic fibation. It is easy to check that each fiber of (3.5) is a symplectic submanifold and is isomorphic to T * P 1 . Also, there is a contraction by the R + -action on the total space to a compact region, so there is no issue of integrating along horizontal vector fields.
As before, we will use (x, ξ), ξ ∈ t ⊥ (resp. p
For each simple root α and ξ ∈ t ⊥ , let ξ α denote the kernel of ξ under the projection t ⊥ → p ⊥ α . Now we can define a fiberwise Dehn twist (the justification of the notion is included in the proof of Lemma 3.6).
where h : R → R is a smooth increasing function satisfying h(t) + h(−t) = π and h(t) = π for t >> 0, and E α is any unit vector in p α . Note that one needs to choose the right Killing form, so that for any unit vector v ∈ t ⊥ , exp(tv) ∈ T if and only if t ∈ Z · π 2 , otherwise, one has to change the range of h accordingly. For example, if G = SU (n), then E α is of the form e iθ ( ij + ji ) for some i, j with i − j = 1, where ij is the elementary matrix with all entries being zero except that the (i, j)-entry is 1. It is easy to check that τ α is well-defined, i.e. it doesn't depend on the representative for a point in G × T t ⊥ , and it is at least C 1 and preserves the fibration.
Lemma 3.6. τ α is a G-equivariant symplectomorphism of T * B.
Proof. The G-action is simply given by g · (x, ξ) = (gx, ξ) for g ∈ G, so it is clear that τ α is G-equivariant. Away from the locus where ξ α = 0, we can add a parameter t in all the parentheses of exp(·) in (3.6) to get a one parameter family of diffeomorphism. Then it becomes the integral of some vector field X. We claim that X is the Hamiltonian vector field of the Hamiltonian function H =h(|ξ α |), whereh is an antiderivative of h, so τ α is the time-1 map of the Hamiltonian flow. To see this, we only need to check for every vertical vector v in T (x,ξ) T * B, because X is G-equivariant and it preserves µ, and this follows from the computation
Lemma 3.7. τ α is G C -equivariant at infinity.
Proof. Let (x n , ξ n ) be a sequence of points approaching (x ∞ , ξ ∞ ) ∈ T ∞ B, i.e. with appropriate choices of representatives, we have lim 
The other case is lim n→∞ |ξn,α| |ξn| = 0. Let Φ be the set of roots, g C = h C ⊕ α∈Φ g α be the root space decomposition, and ∆(resp. ∆ − ) be the set of positive(resp. negative) roots. By standard result, one can choose a basis for g C as {e α ∈ g α , f α ∈ g −α , h α = [e α , f α ] ∈ h C } α∈∆ , where (e α , f α , h α ) forms a sl 2 -triple for all α ∈ ∆. Then t ⊥ is generated (over R)
For any ξ ∈ ig, let ξ + be the portion of ξ in n under the decomposition g C = h C +n+n − . Now we need to show that
for any norm on g C . Given any α ∈ S (the set of simple roots) and β( = α) ∈ ∆, we have (Ad exp(aeα−āfα) (be β +bf β )) + = Ad exp(aeα−āfα) (be β ).
This holds by the standard formula
and the fact that β − nα / ∈ {0} ∪ ∆ − for any n ∈ Z ≥0 . Write 
1}, the first two of which are the projections of the subregular Springer fibers. Now let us see how τ α 1 acts on the edges Q 1 Q 2 and Q 2 Q 3 , where α 1 is the simple root whose simple reflection corresponds to the Weyl group element that permutes the second and the third rows and columns. It is easy to see then τ α 1 (
where we only record the ξ-component of the points, and a, b are all nonnegative real numbers in the representatives. Note that the image never intersects the interior of Q 2 Q 3 or Q 3 Q 1 , and it intersects Q 1 Q 2 on the interval where h(N a) = π and this is exactly when b is sufficiently small. Using the same method, one can test the intersection of τ α 1 (
From these, we can conclude that the picture for large N is the following (cf. Figure 1) :
One gets a similar picture for τ α 2 for the other simple root α 2 , thus we complete the proof for G = SU (3).
For G = SU (n), one starts with a point (x, ξ) in the subregular locus of M pn that is fixed by some S 1 -action. By the proof in Lemma 3.2, ξ has the k-th row and column both be zero for some k, and ξ 
or Figure 1 . The transformation of the triangle Q 1 Q 2 Q 3 under τ α 1 .
group action gives the n vertices in the projection of the Springer fiber σ that it belongs to, and we index them by
For any 2 ≤ j ≤ n − 1, taking an appropriate section of the projection
gives a disc Σ i transverse to S, and the obvious gluing of Σ i , i = 2, ..., n − 1 gives a normal surface Σ as in (3.3). The following picture (cf. Figure 2) illustrates how Σ i and Σ i+1 are glued, and how the vertices are identified.
In this way, we reduce the situation to G = SU (3). It is straightforward to check that τ α i , for the simple root α i whose simple reflection corresponds to (i, i + 1) ∈ S n ∼ = W, 4. β G is a homotopy equivalence for G = SU (3)
In this section, we will prove that kerβ G is contractible for G = SU (3). We first review the Duistermaat-Heckman theorem and prove some basic statement for equivariant symplectomorphisms in Section 4.1. Then we divide a Weyl chamber W into three parts: one around the walls, one near the singular values of µ, and the other for the regular subcones. We construct symplectic local charts for their preimage under µ and trivialize the reduced spaces via the Duistermaat-Heckman theorem. We also use the technique of real blowing up to study the "symplectomorphisms" of the reduced space over a singular value. These are done in Section 4.2. Lastly, in Section 4.3, we give the proof that ker β G is contractible. We deduce a homotopy equivalence between kerβ G and a certain path space of the based loop space of Sympl(S 2 ) by a combination of making isotopies of symplectomorphisms supported on some local charts and constructing certain fibrations with contractible fibers and/or bases. By the fact that Sympl(S 2 ) is homotopy equivalent to SO(3), it is easy to show that the path space that we have finally arrived is contractible.
4.1. Duistermaat-Heckman theorem and equivariant symplectomorphisms. Let's briefly recall the Duistermaat-Heckman theorem (c.f. [GuSt89] ) on the local model of the moment map near a regular value for a quasi-free Hamiltonian T -action. Here quasi-free means that the stabilizer of any point is a connected subgroup of T .
First, the local model is the following. Let π : P → M be a principal T -bundle over a symplectic manifold (M, ω 0 ), with a connection form α. Equip P × t * with the closed 2-form ω = π
, where π * ω 0 also denotes the pull-back form under the projection P × t * → P , and τ denotes a point in t * . Since ω is nondegenerate on τ = 0, there is a neighborhood U ⊂ t * around 0 such that ω is a symplectic form on P × U . Then the moment map for the T -action on P × U is given by the projection to the second factor. Now suppose 0 is a regular value of a moment map µ : X → t * for a quasi-free Hamiltonian T -action on a symplectic manifold (X, ω X ). We assume that µ is proper. Then P = µ −1 (0) is a principal T -bundle over the reduced space M 0 . Any connection form α on P defines a trivial T -invariant normal bundle F , by ω : T X ∼ → T * X. Then there is a T -equivariant diffeomorphism (a fiber bundle map over U ) ψ between µ −1 (U ) and P × U , for a small neighborhood U ⊂ t * of 0, such that ψ| P ×{0} = id and dp 1 • dψ(v) = 0 for any normal vector in F , where p 1 : P ×U → P is the projection to the first factor. Now take the above constructed ω on P × U from α. We have ψ * ω and ω X agree on P × {0}. Therefore, by the equivariant version of Moser's argument, the two manifolds are T -equivariantly symplectomorphic in a neighborhood of P × {0}, and the symplectomorphism can be chosen to be the identity on P × {0}.
Lemma 4.1. Let π P : P → B be any principal T -bundle with two connection forms A, A with curvatures F A = F A , and assume that H 1 (B, R) = 0. Then any diffeomorphism f of B which preserves the curvature form F A can be lifted to a T -equivariant diffeomorphism f of P such thatf * A = A . Such a lifting is unique up to the global T -action on P .
Proof. Since every principal T -bundle is a fiber-product of principal S 1 -bundles, we can assume T = S 1 . First we show that f can always be lifted to a T -equivariant diffeomorphismf on P . Let L be the associated line bundle to P . Then it is not hard to see thatf
is isomorphic to the trivial bundle. Takef to be any lifting of f , then F A = Ff * A andf * A − A is the pull-back under π of a closed 1-form in Ω 1 (B, it). The gauge transformation by u ∈ C ∞ (B, T ) gives
Since H 1 (B, R) = 0, we can find a global u such that π * u −1 du =f * A − A , thus u * A =f * A which is equivalent to A = (f u −1 ) * A. Now replacef byf • u −1 . The last statement on uniqueness is obvious.
Next, we continue on the local model P × U , and further assume that H 1 (M, R) = 0.
Corollary 4.2. Given a smooth (resp. C k , k > 0) family of symplectomorphisms {ϕ τ } τ ∈U of M which preserve F α , there exists a T -equivariant symplectomorphism ϕ of P × U such that its induced map on the reduced space at τ is ϕ τ . Two such ϕ differ by an element in C ∞ (U, T ) (resp. C k (U, T )), or equivalently, the space of such ϕ is a torsor of C ∞ (U, T ) (resp. C k (U, T )).
Proof. Fix a linear coordinate {t
give an (T -equivariant) exact 1-form dβ τ ∈ Ω 1 (P × {τ }, it). Applying Lemma 4.1, we can lift id M to a T -equivariant automorphismf τ of P × {τ }, such thatf * τ α = α − dβ τ . We can arrange thef τ to be a smooth (resp. C k ) family over U . Now use Lemma 4.1 again to lift ϕ τ toφ τ which preserves α, then put togetherφ τfτ and get an automorphism of P ×U , named ϕ. Then it is straightforward to check that ϕ is a T -equivariant symplectomorphism, and it is unique up to a composition with an element in C ∞ (U, T ) (resp. C k (U, T )).
4.2.
Trivialization of the reduced spaces over a Weyl chamber. Now we focus on G = SU (3). Let w 0 = diag(1, 1, −2), w 1 = diag(1, 0, −1), and w 2 = diag(2, −1, −1). Let W be the Weyl chamber in t * ∼ = it bounded by the rays R ≥0 · w 0 and R ≥0 · w 2 . Also, let W ij denote the subcone of W bounded by R ≥0 · w i and R ≥0 · w j for (i, j) = (0, 1) and (1, 2). For any p ∈ it, we will denote the reduced space by M p , and we will use ϕ p to denote the induced map on M p by any ϕ ∈ Sympl G Z (T * B).
The action by T is not quasi-free, since the center in SU (3) fixes every point. This can be resolved by replacing G = SU (3) by G Ad = P SU (3) = SU (3)/µ 3 , where µ 3 is the center. This is the same as replacing the integral lattice (the root lattice) by the weight lattice in it.
4.2.1. Trivialization around the ray R ≥0 · w 0 . Fix a p ∈ R >0 · w 0 . Then the Lie algebra of G p is g p = {x ∈ g : [x, p] = 0} ∼ = u(2) (we fix such an identification once for all). Proof. First, we show that µ −1 (p+B (0, ig p )) is a symplectic submanifold with symplectic complement at each point (x, ξ) consisting of the Hamiltonian vector fields L η , η ∈ ig
) is a smooth submanifold and {L η (x, ξ) : η ∈ ig ⊥ p } is a complement to its tangent space at any point (x, ξ). The tangent space of µ −1 (p + B (0, ig p )) at any point (x, ξ) is spanned by L η , η ∈ g p and the vertical vectors L * x −1 ζ, ζ ∈ Ad x −1 ig p . Then it is easy to check that ω is nondegenerate on µ −1 (p + B (0, ig p )). Also,
, so the space of Hamiltonian vector fields L η , η ∈ ig ⊥ p at each point is its symplectic complement. Next, since µ −1 (p) ∼ = U (2)/µ 3 is ω-isotropic, by the equivariant version of Weinstein's Lagrangian tubular neighborhood theorem, we get the desired result.
Let w = w 0 + · diag(1, −1, 0), and W ± ⊂ t be the cone bounded by R ≥0 · w and
as Hamiltonian U (2)-spaces, where the latter space is equipped with the symplectic form induced from T * (U (2)/µ 3 ) ∼ = U (2)/µ 3 × iu(2).
Proof. The symplectic form on U (2)/µ 3 × iu(2) is invariant under the translation map (·, · + v) for any v ∈ R · diag(1, 1), and it is getting scaled under the R + -action on isu(2), where we use the standard identification u(2) ∼ = su(2) × R, where {0} × R on the righthand-side corresponds to the centralizer of u(2). Note that such change of the symplectic form is compatible with the R + -action on µ −1 (Ad Gp (
• W ± )), so combining with Lemma 4.3, we complete the proof. 1) and (1, 2) . Similarly to the proof of Lemma 4.3, we have Lemma 4.5. µ −1 (
Trivialization along
• W ) is a symplectic submanifold with symplectic complement consisting of the tangent vectors to the exp(B (0, −it ⊥ ))-orbits. In particular, the same holds for
, the quotient of U (2) by the left action of T ). Let A ∈ Ω 1 (U (2)/µ 3 , it) be the unique right U (2)-invariant connection form on U (2)/µ 3 determined by the Killing form, i.e. one takes the Maurer-Cartan form and projects it to it. Applying Duistermaat-Heckman theorem (see [GuSt89] ), we get the following.
, where τ ∈ t * and c is some positive constant. The symplectomorphism can be chosen to respect the R + -action.
Proof. The only thing to be careful is that we have a global identification over • W 01 rather than a local identification near some point. First, on each reduced space, the cohomology class of cdA · τ agrees with that of the induced symplectic form, for some fixed c > 0. This is because the latter depends linearly on τ and the class vanishes on R ≥0 · w 0 .
Fix a T -equivariant isomorphism
The fact that the reduced spaces are all P 1 ensures that we can apply the equivariant version of Moser's argument on the family of symplectic forms (1 − t)ω| Then the moment map is Φ(z 0 , z) = −|z 0 | 2 + |z| 2 . The real blowing up is a local surgery to C × C n , so that Φ −1 (−∞, 0) is unchanged and the new moment map is regular over (−∞, δ) for some δ > 0. The construction is as follows.
Let (t, s) be the standard coordinate on T * S 1 ∼ = S 1 × R. Choose , δ > 0 very small, remove the set {|z 0 | 2 < 2 , −|z 0 | 2 + |z| 2 < δ} in C × C n and glue with the set {s < , −s + |z| 2 < δ} ⊂ T * S 1 × C n using the identification { 2 ≤ |z 0 | 2 < , −|z 0 | 2 + |z| 2 < δ} ∼ = { 2 ≤ s < , −s + |z| 2 < δ}. We will denote the resulting manifold by Bl ,δ (C × C n ). Since the real blowing up can be done within an arbitrarily small ball around the origin for , δ sufficiently small, we can globalize this procedure to any quasi-free Hamiltonian S 1 -action on a symplectic manifold M with the moment map having Morse-Bott singularities of index (2, 2k). Now let T w denote the subgroup exp(R · (iw)) for any w ∈ it. As mentioned before, we have to replace G by G Ad to ensure the action by T to be quasi-free. This is equivalent to replacing the integral lattice in it by the lattice generated by For ν > 0 small, let C ν be the cone bounded by
acts freely, so the moment map
for the T w 1 -action is regular. Therefore the reduced space at any p ∈ R + · w 1
By Lemma 3.2, T u 1 has exactly three fixed points Q j , j = 1, 2, 3 on M p,ν at Q j is a 4-dimensional symplectic vector space with a linear symplectic T u 1 -action. We can turn it into a Hermitian vector space by equipping it with a compatible inner product so that we have an identify
2 with a (complex-linear) T u 1 -action. Here C 2 with coordinates z 0 , z 1 is endowed with the standard Kahler form
Lemma 4.7. Under some unitary change of coordinates on C 2 , the action is given by (4.1).
Proof. By quasi-freeness, the weights of the action must be included in {0, 1, −1}. Now using the equivariant version of Moser's argument (or the Darboux-Weinstein Theorem), we can identify a neighborhood of 0 in C 2 to a neighborhood of Q i in M w 1 p,ν , in a T u 1 -equivariant way. Then we see that the image of the moment map in (R · u 1 ) * ∼ = R is symmetric about 0, therefore the weights are 1 and −1, and under some unitary change of coordinates, we have the action be given by (4.1). Now we can desingularize the action by T u 1 along R >0 · w 1 , and replace µ|
byμ, thenμ is regular over the interior of the cone W 01,δ bounded by R ≥0 ·w 0 and R ≥0 ·(w 1 −δ·u 1 ), for some δ > 0. Similarly to Proposition 4.6, we haveμ −1 (
Since the blowing down map from Bl ,δ (C × C n ) to C × C n identifies the reduced spaces at 0, this gives a way to identify the reduced spaces over R >0 · w 1 with the others over • W 01 . 4.2.3.2. The equivariant linear Symplectic group Sp(4) S 1 .
Let Sp(4) S 1 := {P ∈ Sp(4) : P commutes with the S 1 -action in (4.1)}, where P is relative to the standard basis ∂ x 0 , ∂ y 0 , ∂ x 1 , ∂ y 1 and z j = x j + iy j for j = 0, 1.
Lemma 4.8.
Sp(4)
where σ means taking complex conjugate.
Proof. Let P = A B C D , where A, B, C, D are all 2 × 2-matrices. Let R θ denote the standard rotation matrix on R 2 . Then P is S 1 -equivariant implies that
and this is equivalent to that P is of the form
relative to the standard basis ∂ z 0 , ∂ z 1 . Now we need P to be symplectic, i.e. it preserves the Kahler form i 2 (dz 0 ∧ dz 0 + dz 1 ∧ dz 1 ). By direct calculations, the undetermined quantities in (4.2) should satisfy
, and we finish the proof.
Let C be the center of Sp(4) S 1 , i.e. { e −iθ e iθ , θ ∈ [0, 2π)}. By the above Lemma,
There is an S 1 -action by the left multiplication of the subgroup { 1 e iθ }, and the projection Sp(4)
is an S 1 -equivariant fibration, with each fiber homeomorphic to a disc.
The reduced space at 0 for the Hamiltonian action in (4.1) can be identified with C (with the standard Kahler form) by taking the slice in {|z 0 | 2 = |z 1 | 2 } in which z 0 ≥ 0 and using z 1 to be the linear coordinate on C.
Lemma 4.9. Let z + (t) = t and z − (t) = −t, t ≥ 0 be the two opposite rays emitting from the origin in the reduced space C at 0. Let P ∈ Sp(4) S 1 and P be the induced map on C. Then (a) there exists a P for any prescribed values of arg(
then P ∈ C. Therefore, the map
) is a homotopy equivalence of spaces.
Proof. (a) One lifting of the tangent vector at 0 of the two rays z = t and z = −t to C 2 is v + = 1 1 and v − = 1 −1 , respectively. Take P as in (4.3), then
Let β ± = arg(λ 1 ± λ 2 e −iθ 2 ), and
It is not hard to see that
), and then we can use θ 4 to adjust arg(w ± ) to the prescribed values. (b) If P satisfies (4.4), then β + − β − = 0 and |λ 1 ± λ 2 e −iθ 2 | = 1, so λ 1 = 1 and λ 2 = 0 and the claim follows.
(c) It is obvious by looking at the image of the subgroup { 1 0 0 e iθ , θ ∈ [0, 2π)}.
A deformation retraction of equivariant symplectomorphism group of
) denote the group of automorphisms of the reduced space M p induced from the subgroup of T u 1 -equivariant symplectomorphisms Sympl
p,ν that fix each Q j , j = 1, 2, 3. For each Q j , j = 1, 2, 3, we fix an identification between a neighborhood of 0 in C 2 with a neighborhood of Q j in M w 1 p,ν as in the proof of Lemma 4.7, and this induces an identification between a neighborhood of 0 in the reduced space C with a neighborhood of the image of Q j , which we will denote by Q j as well, in
) be the set of parametrized embedded triangles in M p with vertices {Q j } 3 j=1 with the following properties:
, where the one-sided derivatives d
(in the fixed local chart around Q j+1 ) both exist and lie in the image of the map (4.5); (t3) The disc bounded by the (oriented) triangle has area A.
) as a topological space with the C 1 -topology.
) for any 0 < A < Area(S 2 ). The latter space is contractible for all A.
Proof. Fix an embedded triangle
) such that T 0 restricted to the fixed local chart around each Q j has the form ρ(
, where we let A be determined by T 0 . We divide the proof into three steps.
Step
) by Lemma 4.9 and there is no constraint on T 1 for the existence of φ. The reason is the following. Given any triangle T 1 , we can find a C 1 -homotopy T s , 0 ≤ s ≤ 1 between them, and get a vector field on T s by differentiating with respect to s. For each s, by property (t2) of T s , we can lift and extend the vector field to an S 1 -invariant C 1 -Hamiltonian vector field X s on M w 1 p,ν , which is continuous on s. Then integrating along X s yields a Hamiltonian diffeomorphism sending T 0 to T 1 on the reduced space.
Therefore, we have a fibration Sympl
), whose fiber can be identified with the subgroup
Step 2. The fiber H T 0 is contractible. First, by Lemma 4.9 (b), any lifting of φ ∈ H T 0 to Sympl
p,ν ) consisting of elements φ such that φ restricted to a small neighborhood of each Q j (within the fixed local chart) is the linear transformation e iθ j e −iθ j , for some
Near Q j , the graph of e
, which is tangent to the zero section at ((Q j , Q j ), 0) ∈ T * ∆ C 2 . Equivalently, in a smaller neighborhood of (0, 0), it is the graph of the differential of a S 1 -invariant function f j with f j (0) = 0 and Df j (0) = 0, where (Q j , Q j ) is regarded as the origin in ∆ C 2 ∼ = C 2 . Let r(z) = z and fix a small ball B j ( ) = {r < } ⊂ ∆ C 2 , and let D j ( p,ν ). We can easily make b j, 0 continuously depend on 0 (in the C 1 -topology). Thus we have a deformation retraction from
Step 2(b). Use real blow-up to show Now we can describe the space ofφ as an inductive limit of spaces X ,δ over ( , δ) ∈ (R + ) 2 , where we have a natural inclusion X 1 ,δ 1 → X 2 ,δ 2 , when 1 > 2 and δ 1 > δ 2 . The space X ,δ consists ofφ whose restriction to a neighborhood of the three blow-up regions for Bl ,δ (M w 1 p,ν ) near each Q j is given by the action of exp(iθ j u 1 ) for some θ j ∈ R. By Corollary 4.2, after trivializing the reduced spaces ofμ ,δ over (−ν, δ) and the reduced spaces of µ
, ν), we see that X ,δ has a free C 1 ((−ν, ν), T u 1 )-action, and X ,δ /C 1 ((−ν, ν), T u 1 ) corresponds to the space of pairs of paths (ρ 1 , ρ 2 ), where
2 ) satisfy that ρ 1 restricts to the identity on a neighborhood of the blowing up loci, ρ 1 (0) fixes T 0 and ρ 1 | (
,δ) if they are transformed to be relative to the trivialization of reduced spaces for µ
retracts onto the subgroup of Sympl(M p ) in which φ fixes T 0 and restricts to the identity in some neighborhood of Q j , j = 1, 2, 3. The deformation retract is contractible by the fact that Sympl c (D 2 ) is contractible, and it can be easily identified with
One needs a little bit more detailed description/control of X ,δ to write down a deformation retraction. First, we only need to consider the spaces X 1 n , 1 n for n ∈ N sufficiently large, since lim 
} (this can be done inductively). In addition, we also require the restriction of the trivialization over (0, 1 n ) to agree with the fixed trivialization
} of each Q j . After these set-ups, we can simultaneously deformation retract X 1 n , 1 n by deforming their associated paths ρ 1 , ρ 2 as above to the constant paths determined by ρ 1 (0).
Step 3. The space
) is contractible. In fact, it is clear that the space of embedded C 1 -paths from Q 1 to Q 2 in S 2 − {Q 3 } is contractible; in the complement of such a path, the space of embedded C 1 -paths connecting Q 2 to Q 3 and Q 3 to Q 1 satisfying (t3) and that they do not form cusps near each Q j is also contractible. To satisfy (t2) one has to reparametrize some of the paths, but the resulting space is still contractible, because giving the incoming and outgoing angle of the path at each Q j , there is a contractible space of the allowed 1-sided derivatives.
Now the lemma follows.
Let
) be the projection map. The above proof also tells us the following.
Corollary 4.11. kerγ p is contractible, and hence Sympl
Now using the R + -action, we can trivialize µ −1 (
• C ν ) as follows.
Lemma 4.12. µ −1 (
• C ν ) is T -equivariantly symplectomorphic to µ −1 (w 1 + B ν (0, u 1 )) × R + equipped with the symplectic form d(tα), where α is any (it exists!) T u 1 -invariant connection 1-form on µ −1 (w 1 + B ν (0, u 1 )) as a principal T w 1 -bundle, whose curvature is the restriction of ω, and t is the coordinate of R + .
Proof. By the R + -action, we naturally have an identification of µ −1 (
in the former space is identical to µ −1 (w 1 + B ν (0, u 1 )) × {1} in the latter space.
Let ω also denote its restriction on µ −1 (w 1 + B ν (0, u 1 )). Then the induced symplectic form on µ −1 (p + B ν (0, u 1 )) × R + must be of the form tω + dt ∧ α, for some 1-form α (doesn't depend on t) on µ −1 (w 1 + B ν (0, u 1 )), which is obviously T -equivariant and is a connection form for the T w 1 -principal bundle. Since tω + dt ∧ α is closed, we have the identity dt ∧ (ω − dα) = 0, so ω = dα. Thus the lemma follows.
4.2.4.
A deformation retraction for kerβ G supported near T * B B. We start with a general set-up for the statement of Lemma 4.13 below. Let (X, ω X ) be a Kahler manifold, and X − × X be equipped with the symplectic form ω 0 = (−ω X ) × ω X . Let N ∆ X be the normal bundle to the diagonal with respect to the Kahler metric g × g (which is the anti-diagonal in the tangent bundle restricted to ∆ X ). Then the product symplectic form gives a natural identification of N ∆ X with T * ∆ X , thus induces a symplectic form ω 1 on N ∆ X . By the Lagrangian tubular neighborhood theorem, there is a symplectomorphism mapping a tubular neighborhood of the zero section in T * ∆ X to a tubular neighborhood of ∆ X in X − × X, which fixes each point in ∆ X . We state a slightly stronger statement in the following lemma.
Lemma 4.13. There exists a symplectomorphism ψ from a tubular neighborhood N ∆ X of the zero section in N ∆ X to a tubular neighborhood U (∆ X ) of ∆ X in X − × X, such that ψ| ∆ X = id and dψ| ∆ X = id.
Proof. We first identify N ∆ X with U (∆ X ) using the exponential map ψ with respect to g × g. Then it suffices to show that ψ * ω 0 − ω 1 ((x,x),(tv,−tv)) ≤ o(t) for any fixed x and v, since by Moser's argument, the vector field generating an isotopy between ψ * ω 0 and ω 1 will have length at most proportional to o(t) in the direction of v, so the resulting diffeomorphism by integrating this vector field will have differential equal to the identity on the zero section.
For any v, u, w ∈ T x X, the push-forward of the vertical vector (u, −u) and the horizontal lifting (w(t), w(t)) of (w, w) ∈ T (x,x) ∆ X at ((x, x), (tv, −tv)) to X − × X under the exponential map is ((d exp x )| tv (u), (d exp x )| (−tv) (−u)) and (J w,v (t), J w,−v (t)) respectively, where J w,v (t) denotes for the Jacobi vector field for the family of geodesics exp exp x (τ w) (tΓ(exp x (sw)) τ 0 (v)), where Γ(exp x (sw)) τ 0 means the parallel transport along the geodesic exp x (sw) from time 0 to time τ .
The Kahler property implies that the covariant derivative D exp x (tv) (ω) = 0, thus
. Now we only need to show that
, ω 1 (w 1 (t), w 2 (t)) = ω 1 (w 1 , w 2 ), for any two vectors w 1 , w 2 ∈ T x X.
These properties hold for any Riemannian manifold X. In fact, one can take the geodesic coordinate at x, and use the fact that the Christoffel symbols vanish at x to deduce that the covariant derivative of the first two of the above vectors in the norm along exp x (tv) has norm o(1). One can prove the last equality similarly.
Let kerβ G be the subgroup of kerβ G consisting of ϕ that restricts to the identity in a neighborhood of T * B B. Lemma 4.14. There is a deformation retraction from kerβ G to kerβ G .
Proof. Let X denote for T * B equipped with a fixed G-invariant metric g. As before, we view L ϕ as a Lagrangian correspondence in X − ×X. Let ψ be a fixed symplectomorphism as in Lemma 4.13, then ψ is G-equivariant. Note that any ϕ ∈ kerβ G satisfies ϕ| T * B B = id. If we can show that the tangent spaces of L ϕ at ∆ X ∩ (T * B B × T * B B) are transverse to the fiber direction in the normal bundle N ∆ X , then the pull-back of L ϕ under ψ is the graph of an exact 1-form in a small neighborhood of ∆ T * B B , hence we can run a similar argument as in Lemma 4.10 to give a deformation retraction. | t=0 ξ t = 0. Since ϕ has to preserve the moment map, the image of the vector cannot be its opposite, so we are done.
4.3. kerβ G is contractible. This section is devoted to the proof that kerβ G is contractible. By Lemma 4.14, we only need to prove that kerβ G is contractible.
Proposition 4.15. kerβ G is contractible.
Proof.
Step 1. Contractibility of equivariant symplectomorphisms on µ −1 (
• C ν ). Throughout the proof, we identity M s·w 1 with M w 1 for all s > 0 using the R + -action. Let σ denote the projection of the subregular Springer fibers in M w 1 (cf. Lemma 3.2). Fix
) to be the union of σ with its image under the right Weyl group action on T * B (induced from the right W-action on G/T ), under some fixed appropriate parametrization. Note that T 0 can be made in
) because under the standard complex structure on T * B (induced from that of B), any subregular Springer fiber is a chain of P 1 s with normal crossing singularities.
ϕ preserves the Springer fibers at infinity and ϕ = id near the vertex of C ν }.
Note that β G can be analogously defined from S(
• C ν ) to B W , and we will denote this map by β G,
For every ϕ ∈ ker β G,
•

Cν
, ϕ s·w 1 (T 0 ) defines a C 1 -family of parametrized triangles in
), subject to the conditions that ϕ s·w 1 (T 0 ) = T 0 for s small, ϕ s·w 1 (T 0 ) can be isotoped to T 0 within a small neighborhood U s around σ (i.e. the isotopies can remain constant outside U s ) 3 , and U s approaches to σ as s → ∞. Let us denote the space of families of parametrized triangles satisfying the above conditions by T A,R + and each family by
and we can projectivize M w 1 × M w 1 × R + using the R + -action, and define Γ ∞ ρ to be the boundary at infinity of the closure of Γ ρ . It is easy to see that T A,R + is a homogeneous space of ker β . Here we make the above assumption for simplicity; the general case can be argued similarly. Step 1(a). T A,R + is contractible. Now we show that T A,R + is contractible. By Lemma 4.9 (a), for any tubular neighborhood U of σ in M w 1 , we can use an element in Sympl(M w 1 ) to identify it with a tubular neighborhood of 0 in R 2 , with the standard symplectic form ω st , such that T 0 ∩ U is mapped into the x-axis, as shown in the picture below (cf. Figure 3) .
We fix one of such neighborhoods and denote it by U † . On U † , we can construct a vector field X † whose integration at time s scales ω st by e −s , and deformation retracts U † onto σ. We also require that X † vanishes on σ and is C 1 in the complement of σ, and we will denote the homeomorphism by integrating X † to time s by R s .
Let T c A,R + ⊂ T A,R + be the subspace of compactly supported families of triangles, in which every ρ satisfies ρ(s, t) = R s s 0 ρ(s 0 , t) over R s s 0 (U † ) for some constant s 0 > 0 and for all s > s 0 . Here we have assumed that ρ(s 0 , ·) can be isotoped to T 0 within U † , and one needs to reparametrize ρ(s, ·) a little bit near its intersection with ∂(R s s 0 (U)). For simplicity, in the following, we will by abuse of notations say ρ(s, t) = R s s 0 ρ(s 0 , t) without further clarifying of the assumptions and modifications. Now we can construct a deformation retraction from T A,R + to T c A,R + as follows. For any ρ ∈ T A,R + , there exists N > 0 such that for all s > N , the parametrized triangles ρ(s, ·) can be isotoped to T 0 within U † . Fix such an N 0 and for all r ≥ N 0 , let ρr(s, t) = ρ e (N 0 −r) (s, t) = ρ(s, t), when s ≤ r; R s r ρ(r, t), otherwise.
We modify ρr(s, t) to be C 1 in s by making sufficiently small isotopies between the vector field d ds | s=r ρ(s, t) with the vector field X † restricted on ρ(s, t). We can make N 0 and the small isotopies continuously depend on ρ, thus get a desired deformation retraction. Also by Lemma 4.12 and Lemma 4.10, it is easy to see that T c A,R + is contractible, thus T A,R + is contractible.
Step 1(b). K T 0 is contractible. • C ν , T ) over the image denoted as P w 1 . The fiber Φ id over the constant identity path is contractible. In fact, one can use Step 2(a) in the proof of Lemma 4.10 to deform Φ id to a subspace where any ϕ satisfies that its restriction to some neighborhood of each Q j ∈ µ −1 (s · w 1 ) is the left action by diag(e −iθ j,s , e iθ j,s ) for some θ j,s , for all s ∈ R + and j = 1, 2, 3. Then one uses Step 2(b) in the proof of Lemma 4.10 and Lemma 4.12 to give a deformation retraction of the resulting space to a point. Now we need to show that P w 1 is contractible. This can be proved by a deformation retraction from P w 1 to P w 1 ∩ Sympl (M w 1 , {Q j } is φ Λϕ near µ −1 (R + · w). We can homotopically "push" the region of φ Λϕ (in some fixed pattern) to contain a fixed conical neighborhood of µ −1 (R + · w 0 ), say µ −1 (
Let
• W ± 2 ), since outside any neighborhood of µ −1 (R + · w 0 ), we are in the situation where Corollary 4.2 can be applied. Similarly, we can deform ϕ over µ −1 (Ad Gw 2 (
• W ± 2 )), where W ± 2 is the cone bounded by R ≥0 · (w 2 ± 2 · diag(0, 1, −1)).
From now on, we can restrict ourselves to the space of ϕ ∈ ker β G where ϕ restricted to µ −1 (Ad Gw 0 (
• W ± 2 )) is φ Λϕ and it has similar behavior over µ −1 (Ad Gw 2 (
• W ± 2 )). For simplicity, we still denote this space by ker β G . Let P * (Ω(Sympl(P 1 ))) be the based path space of the based loop space Ω(Sympl(P 1 )), i.e. the space of maps p : [0, 1) → Ω(Sympl(P 1 )), with p(0) being the constant loop id.
Step 3. A fibration ker β G /C 1 (
• Cν /C 1 (
• C ν , T ) with contractible fibers.
First, we replace W 01 (resp. W 12 ) by a proper subcone bounded by R ≥0 · w 0 (resp. R ≥0 · w 2 ) and a ray in
• C ν ∩
• W 01 ). The natural map
is surjective. In fact, once we know its restriction to µ −1 (
• C ν ), any ϕ ∈ ker β G can be constructed and is determined by a C 1 -map from
• W 01 to Sympl(S 2 ) and a map from
• W 12 to Sympl(S 2 ), subject to the obvious matching conditions, the constraints near Ad Gw 0 (
and Ad Gw 2 (
• W ± 2 ) as in Step 2, and that the maps converge to id ∈ Sympl(S 2 ) at infinity. Thus, the pair of maps corresponds exactly to a pair of paths in the identity component of the based loop space Ω 0 (Sympl(S 2 )), with the initial condition given and the end points (more precisely, a small interval around it) lying in Ω 0 (SO(3)) (SO(3) comes from U (2)/µ 3 modulo the center). Since Sympl(S 2 ) is homotopy equivalent to SO(3), we see that Res ν is a fibration with contractible fibers.
Step 4. ker β G is contractible.
From the previous steps, we see that ker β G /C 1 (
• W , T ) is contractible. Now we show that the fiber over id for the projection ker β G → ker β G /C 1 (
• W , T ) is again contractible. Any ϕ lying in the kernel corresponds to a path ρ ϕ : (0, 1) → Ω(T 2 ). However, there are strong constraints on the end points of such paths: ϕ induces the identity on the reduced spaces near R + · w 0 and R + · w 2 , therefore lim w 2 ), and these force ρ ϕ to lie in Ω 2 (T 2 ). Since Ω 2 (T 2 ) is contractible, we can conclude that the fiber is contractible, thus ker β G is contractible.
